About the Non Relativistic Structure of the AdS/CFT Superalgebras by Sciarrino, Antonino & Sorba, Paul
ar
X
iv
:1
00
8.
28
85
v1
  [
he
p-
th]
  1
7 A
ug
 20
10
About the Non Relativistic Structure of the AdS/CFT
Superalgebras
A. Sciarrinoab, P. Sorbac
a Dipartimento di Scienze Fisiche, Universita` di Napoli “Federico II”
b I.N.F.N., Sezione di Napoli
Complesso Universitario di Monte S. Angelo
Via Cinthia, I-80126 Napoli, Italy
c LAPTH1 , Universite´ de Savoie, CNRS
9 Chemin de Bellevue, BP110, F-74941 Annecy-le-Vieux
Abstract
The property of the conformal algebra to contain the Schro¨dinger algebra in one less space
dimension is extended to the supersymmetric case. More precisely, we determine the counter-
part of any field theory admissible super conformal algebra. Even if each type of superalgebra
provides a different solution, its basis decomposition into two copies of the super Schro¨dinger
algebra, differing only by their super Heisenberg part, remains valid in all the cases, so gener-
alizing a feature already observed in the non supersymmetric conformal case.
PACS number: 02.20.-a, 11.30.Pb, 12.60.Jv, 04.65.+e.
Keywords: Schro¨dinger (super)algebra; (super)conformal algebra; Heisenberg (super)algebra;
real form of superalgebras; AdS/CFT correspondence.
DSF-09/2010
LAPTH-028/10
E-mail: sciarrino@na.infn.it, sorba@lapp.in2p3.fr
1 Laboratoire de Physique The´orique d’Annecy-le-Vieux, UMR 5108

1 Introduction
Soon after the discovery of the Schro¨dinger algebra, defined as the maximal kinematical symmetry
of the Schro¨dinger equation [1], (see also [2]), it was realized that such an algebra, defined in d space
and 1 time dimensions, is embedded in the conformal algebra acting on the Minkowsky space with
(d + 1) space and 1 time dimensions [3]. Actually, using a well adapted basis for the conformal
algebra, two conjugated Schro¨dinger algebras S˜ch(d − 1 , 1 ), with a common part constituted by the
rotations and conformal transformations, can be recognized in SO(d+1,2) in a way analogous to the
decomposition of the conformal algebra into two conjugate Poincare´ ones. We remind that in this
last case the conformal algebra can be seen as the direct sum of the Lorentz algebra plus a dilatation,
to which can be added, on one side, the (d+1) translations and, on the other side, the (d+1) special
conformal transformations, each set constituting a Poincare´-like algebra.
In these last years, there has been a lot of activity in studying, in the framework of AdS/CFT
correspondence, the string theory embedding of a spacetime with non relativistic Schro¨dinger sym-
metry [4]. Indeed, it is first tempting, due to the difficulty of solving the general problem, to look for
a limit - actually a non relativistic one - of the AdS superstring. This has led to the study of some
gravity backgrounds, candidates to be gravity dual of conformal quantum mechanical systems. But,
even more interestingly, such an approach is particularly useful in the context of several condensed
matter systems [5], [6]. Indeed, the microscopic description of many condensed matter systems in
the vicinity of a quantum critical point is certainly not relativistic, but exhibits conformal invariance
[7]. Let us emphasize, at this point, that the treatment of strongly anisotropic critical systems with
the help of Schro¨dinger invariance had already been proposed, about fifteen years ago, in [8].
Such an interest in the Schro¨dinger invariance naturally raises the question of its supersymmetric
extension, and more precisely of the embedding of such a supersymmetric analog in the superconfor-
mal algebras. But then, it is natural to ask whether an intrinsic definition of the super Schro¨dinger
algebra can be given, the Schro¨dinger algebra having been introduced as the maximal kinematical
invariance algebra of the Schro¨dinger equation. A first answer to this question has been given in
[9] where the non relativistic spin 1/2 particle action is constructed. At about the same period, an
extended superconformal Galilean algebra, which slightly differs from the one of [9], was proposed in
the context of the non relativistic limit of N=2 supersymmetric Chern-Simons matter systems - and
therefore in the special case of d = 2 space dimensions, see [10]. Such a difference was clarified by
the authors of [11] who performed a more direct algebraic construction of supersymmetric extensions
of the Schro¨dinger algebra: we will come back to this approach in Section 3.
The list of admissible superconformal algebras is known since long, and can be easily selected
from the simple super algebras in Nahm classification of manifest supersymmetries [12]. They are:
the simple unitary superalgebras SU (2 , 2/N ), the orthosymplectic ones Osp(8 ∗/N ), with N even,
1
and Osp(M /4 ,R) and the real form commonly denoted 1 F (4 ; 2 ) with bosonic part SU(2) ⊕ SO(5,2)
of the exceptional super-algebra F(4). One obviously recovers in pSU(2,2/4) the supersymmetry
algebra of the 10-dimensional Type II supergravity, and in Osp(8/4) the one of the 11-dimensional
M-theory with corresponding space-time manifolds AdS5 × S5 and AdS7 × S4 respectively, while
Osp(8/4,R) is related to the M-theory with space-time manifold AdS4× S7. Finally the exceptional
solution has also been considered and the AdS(6)/CFT (5) correspondence investigated for a F(4;2)
supergravity theory [14].
The purpose of this paper is to determine, for each admissible superconformal symmetry, its
associated super Schro¨dinger algebra, natural extension of the Schro¨dinger part contained in the
conformal algebra. A special care will be brought to present each algebra in an explicit form, that is
as a semi-direct sum of a reductive part, i.e. a direct sum of simple (super)algebras, eventually with
U(1) factors, acting on a super Heisenberg part. Moreover, it will be shown that each such a super
conformal algebra contains a couple of super Schro¨dinger algebras, natural extension of the couple
of Schro¨dinger algebras embedded in its bosonic conformal part. At this point, we must mention
[15], where the problem of finding a super Schro¨dinger algebra in each of the three super algebras
pSU(2,2/4), Osp(8*/4) and Osp(6,2/4) has recently been considered using adequate projections on
the spinorial fermionic sectors. We agree with the presented results, but would like to insist on the
more general aspects of our approach, which, as just mentioned above, proposes an as complete as
possible characterization of super Schro¨dinger algebras and also includes the F(4,2) case.
The plan of our paper is as follows. We start, in Section 2, by a reminder on the Schro¨dinger
algebra showing up as a subalgebra of the conformal one in one more space dimensions and some
comments on the special position of this subalgebra inside the conformal symmetry. We comment,
in Section 3, on the super Schro¨dinger symmetries already discovered in physical situations and
the attempt to recognize them in a supersymplectic framework, as proposed in [11]; our method of
determination of the super Schro¨dinger algebras inside super conformal ones is also rapidly summa-
rized. Then, a separate section is devoted to the construction of the Schro¨dinger counterpart for
each family of superconformal algebras: that is the unitary SU(2,2/N) for N different from 4, and
pSU(2,2/4) superalgebras with conformal symmetry in 3 + 1 dimensions (Section 4); the orthosym-
plectic Osp(N/4,R) in 2+1 dim. (Section 5) and the orthosymplectic Osp(6,2/2N) ones in 5+1 dim.
(Section 6); finally the exceptional F(4;2) algebra in 5+1 space-time dim. (Section 7). A comparison
between the different types of obtained Schro¨dinger superalgebras (Section 8) concludes the paper.
2 Schro¨dinger algebra inside Conformal Algebra
As firstly remarked in [3], an adequate choice of basis for the conformal algebra acting on the
Minkowski spaceM(d,1) allows to identify - up to an isomorphism - the Schro¨dinger algebra S˜ch(d − 1 ),
1The four real forms of F(4) are often denoted as F (4 ; p) with p = 0,1,2,3, the complete bosonic part of F (4 ; p)
being Sl(2,R) ⊕ SO(p,7-p) for p = 0, 3 and SU(2) ⊕ SO(p,7-p) for p = 1, 2. We note at this point a misprint in
Table.3.75 of [13].
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i.e. in (d−1) space dimensions and in 1 time dimension, as a subalgebra of SO(d+1,2). Actually, two
copies of S˜ch(d − 1 ), one conjugate to the other and sharing a semi-simple common part, can be used
for recontructing, up to one dimensional generator, the conformal algebra. We hereafter explicite the
(most common) case d = 3, the generalisation to any d being straightforward. So, let us consider the
SO(4,2) algebra generated by the 15 skew-symmetric elements Mµν (µ, ν = 0, 0
′, 1, 2, 3, 4) such that:
[Mµν , Mρσ] = gµσMνρ + gνρMµσ − gνσMµρ − gµρMνσ (1)
The metric gµν satisfying
gµν = 0 µ 6= ν, gµµ = 1 µ = 0, 0′, gµµ = −1 µ = 1, 2, 3, 4 (2)
We note that the Mµν , where µ, ν = 0, 1, 2, 3, can be seen as the generators the Lorentz algebra.
Then the combinations:
pµ =M0′µ +M4µ and cµ = M0′µ −M4µ µ = 0, 1, 2, 3 (3)
correspond to the translations and special conformal transformations, each set forming, with SO(3,1),
a Poincare´-like algebra, and these two-dimensional subalgebras being conjugate in SO(4,2). As a last
generator, we have M0′4, acting as a dilatation on the pµ’s and cµ’s and commuting with the Lorentz
part. One can first select, in (one of) the Poincare´ part, the 2-dimensional extended Galilean algebra
by performing a change of basis, already used around the 70’s in the infinite momentum formalism.
Let us define
H =
1
2
(p0 − p3) M = p0 + p3 J3 =M12 (4)
Ka = −(M0a +M3a) Pa = pa a = 1, 2 (5)
satisfying the non vanishing commutation relations:
[J3, Pa] = ε3abPb [H, Ka] = −Ka a, b = 1, 2 (6)
[J3, Ka] = ε3abKb [Ka, Pb] = −δabM (7)
To this Gailean algebra the two generators
C =
1
2
(c0 + c3) and D = M0′4 −M03 (8)
can be added which, together with H , defined in eq.(4), close into an algebra isomorphic to
SU(1,1) ∼= SO(2,1)
[C, H ] = D [D, C] = 2C [D, H ] = −2H (9)
We note that this SU(1,1) algebra commutes with J3 and M, and acts on the H(2) Heisenberg part
generated by Pa, Ka and M as it follows
[D, Pa] = −Pa [C, Pa] = Ka [D, Ka] = Ka (10)
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The 5 dimensional H(2) Heisenberg together with the SO(2) algebra generated by J3, and the SU(1,1)
defined in eq.(9) span an 9 dimensional SO(4,2) subalgebra which is isomorphic to the (extended)
Schro¨dinger algebra S˜ch(2) in 2 space and 1 time dimensions. It can be conveniently seen as the
semi-direct sum of the SO(2) rotation algebra and the SU(1,1) conformal part acting on the H(2)
Heisenberg algebra 2 :
S˜ch(2 ) = [SO(2 )⊕ SU (1 , 1 )] ⊲ H (2 ) (11)
Such an inclusion among algebras can be formally illustrated by rewriting the d’Alembert equation
p2 |0 >= 0 p2 = p20 − p21 − p22 − p23 (12)
|0 > being the state of a relativistic massless particle in the momentum space(
H − p
2
⊥
M
)
|0 >= 0 (13)
with p⊥ = {p1, p2} for states such thatM2 |0 > 6= 0. We recognize in eq.(13) the Schro¨dinger equation
for a free massive non relativistic particle in one less space dimension and invariant under S˜ch(2).
Now in the same way a G˜al(2) Galilean algebra can be extracted from the Poincare´ algebra generated
by Mµν and pµ, a G˜al
∗
(2) algebra can obviously be obtained from the set {Mµν , cµ}. The G˜al
∗
(2)
algebra is conjugate to G˜al(2) in SO(4,2) and is simply constructed by adding to the previously
introduced rotation J3 and time-translation H generators the elements
p∗a =M0a −M3a K∗a = ca M∗ = c0 − c3 a = 1, 2 (14)
The 5 generators of eq.(14) form a Heisenberg algebra that we denote H∗(2). Then, keeping the same
SU(1,1) conformal algebra generated by H,C,D, one gets a second 2 + 1 dimensional Schro¨dinger
algebra S˜ch
∗
(2):
S˜ch
∗
(2 ) = [SO(2 )⊕ SU (1 , 1 )] ⊲ H ∗(2 ) (15)
with S˜ch(2) and S˜ch
∗
(2), conjugate one to the other, differing therefore by their Heisenberg part.
Finally, as a vector space (v.s.), one can decompose the algebra SO(4,2) as follows
SO(4 , 2 ) =v.s. SO(2 )⊕ SO(2 , 1 )⊕H (2 )⊕ H ∗(2 )⊕ SO(1 , 1 ) (16)
with as a SO(1,1) generator
Λ = −(M0′4 −M03) (17)
itself acting as a scale transformation on the Heisenberg algebra elements
[Λ, Pa] = Pa [Λ, P
∗
a ] = −P ∗a
[Λ, Ka] = Ka [Λ, K
∗
a ] = −K∗a
[Λ, M ] = 2M [Λ, M∗] = −2M∗ (18)
2We denote by ⊲ the semi-direct sum.
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in a way completely analogous to the dilatation M0′4 acting on the translations Pµ and special
conformal transformations Cµ. Let us note that the three generators Λ,M,M
∗ close into a SU(1,1)
∼= SO(2,1) algebra, see eq.(18) and
[M, M∗] = −4Λ (19)
this SU(1,1) algebra commuting with the conformal SU(1,1) above defined in eq.(9) , as well as with
the rotation SO(2). So, we recognize the embedding
SO(4 , 2 ) ⊃ SO(2 )⊕ SO(2 , 2 ) = SO(2 )⊕ SO(2 , 1 )⊕ SO(2 , 1 ) (20)
The generalisation to d 6= 3 of the decomposition eq.(20) is straightforward and, in particular, eq.(15)
and eq.(20) become, respectively,
S˜ch(d − 1 ) = (SO(d − 1 )⊕ SO(2 , 1 )) ⊲ H (d − 1 ) (21)
SO(d + 1 , 2 ) ⊃ SO(d − 1 )⊕ SO(2 , 2 ) = SO(d − 1 )⊕ SO(2 , 1 )⊕ SO(2 , 1 ) (22)
Considering the algebras as vector spaces we can write, generalising eq.(16):
SO(d + 1 , 2 ) =v.s. SO(d − 1 )⊕ SO(2 , 1 )⊕ H (d − 1 )⊕ H ∗(d − 1 )⊕ SO(1 , 1 ) (23)
As a last remark, let us note that the Schro¨dinger algebra S˜ch(d − 1 ) can be seen as the stabilizer of
the M generator -i.e. the set of elements commuting with M- in the conformal SO(d+1,2) algebra.
3 Schro¨dinger algebra and Supersymmetry
Supersymmetric extensions of the Schro¨dinger algebra have been considered in different ways, leading
to two types of (super)-symmetry algebras. Superalgebras of the first family - that we will call of
the “orthosymplectic type” - hold for any (integer) N supersymmetries and any d space dimension,
while those of the second one - that we will call of the “unitary type” - work for any N , but only
in the case of d = 2 space dimensions. In both cases, the time dimension is 1. Firstly exhibited in
the study of the supersymmetric harmonic oscillator [16], in [9] the orthosymplectic type appeared
as the symmetry of the non-relativistic spin 1/2 action. Soon later the unitary type was formed by
the authors of [10] as the symmetry of the (d = 2) non-relativistic Chern-Simons matter systems
extending in this way the gr symmetry before discovered in [17] for this theory. Actually an elegant
way to recognize, in the same framework, these two types of symmetry algebras has been proposed
in [11] where a geometrical symplectic approach is used. Indeed, the structure of the - extended -
Schro¨dinger algebra S˜ch(d) may suggest to consider S˜ch(d) as a subalgebra of the - central extended
- algebra of the inhomogeneous symplectic transformations I˜Sp(2d), i.e. semi-direct sum of the
symplectic algebra Sp(2d,R) 3 acting on the Heisenberg part H(d)
I˜Sp(2d) ≡ Sp(2d ,R) ⊲ H (d) (24)
3In our notation Sp(2d,R) is the symplectic algebra of rank d.
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As shown in [11] the natural supersymmetric extension is I˜Osp(N /2d) defined as
I˜Osp(N /2d) ≡ Osp(N /2d ,R) ⊲ SH (d/N ) (25)
where Osp(N/2d,R) is a natural supersymmetric extension of Sp(2d,R) and SH(d/N) is defined as the
super-Heisenberg algebra obtained from H(d) by adding the (fermionic) super-translations generators
Ξja (a = 1, . . . , d; j = 1, . . . , N) which commute with all the H(d) generators
[Pa, Ξ
j
b] = [Ka, Ξ
j
b] = [M, Ξ
j
b] = 0 (26)
and satisfy
[Ξia,Ξ
j
b] = δ
ij δabM a, b = 1, . . . , d; i, j = 1, . . . , N (27)
Then the next and final step stands in looking for supersymmetric extensions of S˜ch(d) in I˜Osp(N/2d),
via the canonical contact structure on R2d+1 suitably extended with the generators ξj (j = 1, . . . , N)
of the Grassmann algebra ∧RN. As a result, two families of Schro¨dinger superalgebra has been
proposed, each of them valid for any positive (or null) integer value of N :
• algebras of the “orthosymplectic type”
[SO(d) ⊕ Osp(N /2 ,R)] ⊲ SH (d/N ) (28)
valid for any value of the positive integer d. SO(d) is the rotation algebra acting on the trans-
lations, super-translations and Galilean boosts. The Sp(2,R) algebra commuting with SO(N)
in the bosonic sector of Osp(N/2,R) is actually the “conformal” part, generated by H,C,D, of
the Schro¨dinger algebra defined in Section 2. It is this kind of Schro¨dinger superalgebra which
shows up in [9] for N = 1 and in [16] for N = 2.
• for the special value d = 2, another kind of superalgebra has been detected. From the set of
commutation and anti-commutation relations given in [11], one can recognize the algebra:
[SO(2 ) ⊕ SU (N /1 , 1 )] ⊲ SH (2/N ) (29)
where the R-symmetry standing in the SU(N/1,1) bosonic sector is now a SU(N) algebra.
It might be useful to note the doubling in the number of fermionic generators in going from
Osp(N/2,R) to SU(N/1,1). At this point let us mention that SO(2 )⊕SU (N /1 , 1 ) is determined
as a subalgebra 4 of Osp(2N/2,R). It is a superalgebra of this kind which has been discovered
in [10]. We will, rather naturally, denote such superalgebras as Schro¨dinger superalgebras of
the unitary type.
4See also [18] for a study of the maximal embeddings: Osp(2m/2n,R) ⊃ SU(m/p,q) ⊕ U(1) with p+q = n; p, q ≥ 0.
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Let us emphasize that such orthosymplectic - eq.(28) - as well as unitary - eq.(29) - structures
will show up as super counterparts of the superconformal Osp(N/4,R) and SU(2, 2/N) algebras5
respectively: see Sections 4 and 5 below. But slightly different configurations will be detected in
Osp(6,2/2N) and in F(4;2) superalgebras, as explicited in Sections 6 and 7.
Obviously, the method for determining the symmetries used in [11] is not adapted to our problem.
As remarked in the previous section, at the bosonic level the Schro¨dinger algebra is simply the
stabilizer in the conformal algebra of the mass generator M . It is this property that we plan to
extend to the supersymmetric case. More precisely, our way of proceeding will consist, given an
admissible superconformal algebra, first to characterize the M generator in the bosonic part, then
to determine its stabilizer in the whole superalgebra.
4 The cases of SU (2 , 2/N ) with N 6= 4 and pSU (2 , 2/4 )
Any element M of SU (2 , 2/N ) can be written in matrix form, see [18], as
(M∗)st L4,N + L4,NM = 0⇐⇒M = −L−14,N (M∗)st L4,N (30)
where M ∈ GL(4/N ) is given by the following matrix
M ≡
(
A B
C D
)
(31)
∗ denotes the complex conjugation and st denotes the supertranspotition
Mst ≡
(
At Ct
−Bt Dt
)
(32)
A is a 4× 4 matrix, D is a N ×N matrix, B and C are, respectively, a 4×N and N × 4 matrix. A
and B are even grading and C is and D are odd grading, with the condition
trA = trD (33)
and L4,N is defined by
L4,N =
(
12,2 0
0 −i1N
)
(34)
with 12,2
12,2 =
(
12 0
0 −12
)
(35)
and 1N being the identity matrix in N dim.. From eq.(30)
B = i12,2C
† ⇐⇒ C = iB†12,2 (36)
5As it will be seen in Section 4, the caseN = 4 presents a peculiarity: then starting from pSU(2,2/4) the Schro¨dinger
symmetry is simply SU (4/1 , 1 ) ⊲ SH (2/4 ), i.e. the extra SO(2) of eq.(29) is no more present.
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and the A and D matrices satisfy
A = −12,2A† 12,2 D = −D† (37)
where † stands for the hermitian conjugation. The 15 generators in A split into two sets of compact
and non compact generators which are, respectively, given by (j, k = 1, 2, 3)(
iσj 0
0 0
) (
0 0
0 iσj
) (
i12 0
0 −i12
)
(38)(
0 σk
σk 0
) (
0 iσk
−iσk 0
) (
0 i12
−i12 0
) (
0 12
12 0
)
(39)
One recognizes the maximal compact subalgebra SU(2) ⊕ SU(2) ⊕ U(1) in eq.(38), the Lorentz
algebra SO(3,1) generated by the rotations, Jj and the boosts Bk
Jj =
(
iσj 0
0 iσj
)
(40)
Bk =
(
0 σk
σk 0
)
(41)
Finally the dilatation d, the translations pµ and the special conformal transformations cµ (µ =
0, 1, 2, 3) can be chosen as
d =
(
0 12
12 0
)
(42)
pj = i
(
σj σj
−σj −σj
)
p0 = i
(
1 1
−1 −1
)
(43)
cj = i
(
σj −σj
σj −σj
)
c0 = i
(
1 −1
1 −1
)
(44)
Now, it is useful to introduce the matrices Emn with entries ekl = δmkδnl, which satisfy, from the
property EmnEkl = δnk Eml, the commutation or anti-commutation relations
[Emn, Ekl]∓ = δnk Eml ∓ δml Ekn (45)
Then, the generators of the D part can be chosen as:
E4+p,4+q − E4+q,4+p p, q = 1, . . . , N, p 6= q
i(E4+p,4+q + E4+q,4+p)
i(E4+r,4+r −E5+r,5+r) r = 1, . . . , N − 1 (46)
There is one last generator in the “block-diagonal” part of A +D that one can choose, in order to
ensure the supertrace condition eq.(33), as
XN = i
(
N
4∑
l=1
Ell + 4
N∑
p=1
E4+p,4+p
)
(47)
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In the case N = 4, this diagonal generator obviously becomes a multiple of the identity and has then
to be eliminated. Considering the quotient of SU (2 , 2/4 ) by the one dimensional ideal generated by
X4, one naturally gets pSU (2 , 2/4 ).
A basis for the “antidiagonal” B ⊕ C can also be commonly obtained in terms of Ekl matrices:
(a = 1, 2; p = 1, . . . , N)
Ea,4+p + iE4+p,a iEa,4+p + E4+p,a
Ea+2,4+p − iE4+p,a+2 iEa+2,4+p − E4+p,a+2 (48)
In order to identify the elements of the Schro¨dinger algebra in the notations of [3], as explicited in
Section 2, we introduce the following generators
J =
i
2
(σ3)⊗
(
1 0
0 1
)
(49)
H =
1
2
(p0 − p3) = i
2
(1 + σ3)⊗
( −1 −1
1 1
)
(50)
C =
1
2
(c0 + c3) =
i
2
(1 + σ3)⊗
(
1 −1
1 −1
)
(51)
D =
1
2
(1 + σ3)⊗
(
0 1
1 0
)
(52)
J is the generator of a SO(2) algebra and H,C,D span a SU(1, 1) algebra
[C, H ] = −4D [D, C] = 2C [D, H ] = −2H (53)
Let us define
K1 =
1
2
(
iσ2 σ1
σ1 iσ2
)
K2 = −1
2
(
iσ1 −σ2
−σ2 iσ1
)
(54)
P1 =
i
2
σ1 ⊗
(
1 1
−1 −1
)
P2 =
i
2
σ2 ⊗
(
1 1
−1 −1
)
(55)
The Ka, Pa (a, b = 1, 2) define a 2-dim Heisenberg algebra H (2 )
[Ka Pb] = δabM [M, Pa] = [M, Ka] = 0 (56)
where
M =
1
2
(p0 + p3) =
i
2
(1− σ3)⊗
( −1 −1
1 1
)
(57)
We have also the commutations relations (a, b = 1, 2)
[Λ, Pa] = −2Pa [Λ, Ka] = −2Ka (58)
[J3, Pa] = ε3abPb [J3, Ka] = −ε3abKb (59)
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where
Λ =
i
2
(1− σ3)⊗
(
0 1
1 0
)
(60)
The second 2-dim Heisenberg algebra H ∗(2 ) is spanned by
K∗1 =
i
2
σ1 ⊗
(
1 −1
1 −1
)
K∗2 =
i
2
σ2 ⊗
(
1 −1
1 −1
)
(61)
P ∗1 =
1
2
(
iσ2 −σ1
−σ1 iσ2
)
P ∗2 = −
1
2
(
iσ1 σ2
σ2 iσ1
)
(62)
M∗ =
i
2
(1− σ3)⊗
(
1 −1
1 −1
)
(63)
[K∗a , P
∗
b ] = δabM
∗ [M∗, P ∗a ] = [M, K
∗
a ] = 0 (64)
Note that the elements M,M∗ and Λ generate a (second) SU (1 , 1 ) algebra, which commutes with
the SU (1 , 1 ) generated by D,C and H . Their commutation relations read
[Λ, M ] = −2M [Λ, M∗] = 2M∗ [M, M∗] = −4Λ (65)
the dilatation Λ acting on H2 and H
∗
2 as (a, b = 1, 2)
[Λ, Pa] = −Pa [Λ, P ∗a ] = P ∗a [Λ, Ka] = −Ka [Λ, K∗a ] = K∗a (66)
Finally the commutation relations between H(2) and H ∗(2 ) generators
[KaK
∗
b ] = δabC [Pa, P
∗
b ] = δabH [Pa, K
∗
b ] = −2εab3J3 + δab(D + Λ) (67)
provide the SO(2) ⊕ SU(1,1) ⊕ SO(1,1) algebra generated by J ; H,C,D and Λ respectively.
Let us emphasize that the SO(2) ⊕ SU(1,1) part is the common bosonic algebra of the two
Schro¨dinger algebras S˜ch(2) and S˜ch
∗
(2) of, respectively, eq.(11) and eq.(15).
Now, let us turn our attention to the fermionic generators of the SU(2,2/N) superalgebra. It
is straightforward to notice that the 4N generators, that we can group into the 4 N -vectors of the
SU(N) part: (p = 1, . . . , N)
Q1p = E1,4+p + iE4+p,1 Q
2
p = iE1,4+p + E4+p,1
S1p = E3,4+p − iE4+p,3 S2p = iE3,4+p −E4+p,3 (68)
commute simultaneously with M and M∗. We remark also that each couple (Q1p, Q
2
p) and (S
1
p , S
2
p)
form a doublet under the J-rotation. There are 2N more generators commuting with M (but not
with M∗) that we can also consider as 2 N-SU(N) vectors or N J-SO(2) doublets:
Ξ1p = (E4+p.2 + E4+p,4) + i (E2,4+p − E4,4+p)
Ξ2p = (E2,4+p − E4,4+p) + i (E4+p,2 + E4+p,4) (69)
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and finally 2N generators commuting withM∗ (but not withM) again classified in the representation
(2,N) of SO(2) ⊕ SU(N).
Ξ(∗)1p = (E4+p.2 − E4+p,4) + i (E2,4+p + E4,4+p)
Ξ(∗)2p = (E2,4+p + E4,4+p) + i (E4+p,2 − E4+p,4) (70)
The anti-commutation relations between the Qap and S
b
q (a, b = 1, 2; p, q = 1, . . . , N) can be sum-
marised as follows
{Q1p, Q2q} = −{S1p , S2q} = −(E4+p.4+q − E4+q,4+p)
{Q1p, S1q} = {Q2p, S2q} = δpq
H + C
2
{Q1p, S2q} = −{Q2p, S1q} = −δpqD
{Q1p, Q1q} = {Q2p, Q2q} = i(E4+p.4+q + E4+q,4+p) (p 6= q)
{Q1p, Q1p} = {Q2p, Q2p} = J −
H − C
2
+
1
2N
XN + ZN ;p
{S1p , S1q} = {S2p , S2q} = −{Q1p, Q1q} (p 6= q)
{S1p , S1p} = {S2p , S2p} = −{Q1p, Q1p} − (H − C) (71)
where
ZN ;p = −2i
N
(E55 −E66)− 4i
N
(E66 −E77)− . . .− 2(p− 1)i
N
(E3+p.3+p −E4+p,4+p)
+
2(N − p)i
N
(E4+p.4+p − E5+p,5+p) + 2(N − p− 1)i
N
(E5+p,5+p − E6+p,6+p)
+ . . .+
2i
N
(E3+N.3+N − E4+N,4+N) (72)
Note that, for N = 4, X4 disappears on the r.h.s. of the above anti-commutation relations when
considering pSU(2,2/4). We notice that all these anti-commutation relations close into the elements
of H,C,D of SU(1,1), the elements of SU(N) and the SO(2) generator
(
J + XN
2N
)
which commutes
with SU(1,1) as well as with SU(N). Adding to this reductive algebra SU(1,1) ⊕ SU(N) ⊕ SO(2)
the 4N elements Qap, S
a
p with a = 1, 2; p = 1, . . . , N , one obtains a realization of the SU(1,1/N)
superalgebra.
At this point, let us consider more precisely the action of J and XN on the fermionic sector; one
gets
[J, Qap] =
1
2
εab Q
b
p [J, S
a
p ] =
1
2
εab S
b
p [J, Ξ
(∗)a
p ] =
1
2
εab Ξ
(∗)b
p (73)
εab being the 2× 2 anti-symmetric tensor with ε12 = −ε21 = 1, and
[XN , Q
a
p] = (N − 4) εab Qbp [XN , Sap ] = (N − 4) εab Sbp [XN , Ξ(∗)ap ] = −(N − 4) εab Ξ(∗)bp (74)
It follows that the rotation generator J in the bosonic Schro¨dinger algebra appears, for N 6= 4, as
a combination of the two compact generators
(
J + XN
2N
)
in SU(1,1/N) and
(
J − XN
2(N−4)
)
, this last
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element commuting with SU(1,1/N), with which it therefore constitutes the direct sum SO(2 ) ⊕
SU (1 , 1/N ).
Now, adding to the Heisenberg algebra H(2), generated by Pa, Ka (a = 1, 2) andM , the fermionic
generators Ξap (p = 1, . . . , N) one obtains the super-Heisenberg algebra SH(2/N). In the same way,
the elements P ∗a , K
∗
a ,Ξ
(∗)a
p and M∗ generate the super-Heisenberg algebra SH ∗(2/N ). One easily
verifies the action of SU(1,1/N) on SH(2/N) and, similarly, on SH ∗(2/N ).
Let us summarise our results:
• The super Schro¨dinger algebra in SU(2,2/N) with N 6= 4, extension of the Schro¨dinger algebra
in SU(2,2) and stabilizer of the bosonic generator M , see eq.(57), shows up as the semi-
direct sum of the above defined algebra SO(2 )⊕ SU (1 , 1/N ) on the super-Heisenberg algebra
SH(2/N), that is:
[SO(2 )⊕ SU (1 , 1/N )]⊲ SH (2/N ) (75)
Another copy, conjugate in SU(2,2/N) of super Schro¨dinger algebra is provided by:
[SO(2 )⊕ SU (1 , 1/N )]⊲ SH ∗(2/N ) (76)
and a “schematic” decomposition of the SU(2,2/N), N 6= 4, superalgebra is the following:
SU (2 , 2/N ) =v.s. SH (2/N )⊳ [SO(2 )⊕ SU (1 , 1/N ))⊕ SO(1 , 1 )]⊲ SH ∗(2/N ) (77)
the last SO(1,1) in the above expressions being generated by Λ, defined in eq.(60). We remind
that Λ,M and M∗ close into a SU(1,1), see eq.(65).
• In the case N = 4. the relevant super-conformal algebra is pSU(2,2/4) and the above extra
SO(2) is no more present in the super Schro¨dinger sector, which then reduces to
SU (1 , 1/4 )⊲ SH (2/4 ) (78)
and also to:
SU (1 , 1/4 )⊲ SH ∗(2/4 ) (79)
providing the vector space decomposition:
pSU (2 , 2/4 ) =v.s. SH (2/4 )⊳ [SU (1 , 1/4 )⊕ SO(1 , 1 )]⊲ SH ∗(2/4 ) (80)
5 The case of Osp(N/4,R)
Any element M of Osp(N/4,R) can be written in matrix representation on R as
M ≡
(
A B
C D
)
(81)
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with A and D being respectively a N × N and a 4 × 4 matrix (even grading part) and B and C,
respectively, a N × 4 and 4×N matrix (odd grading part), with the following condition, see [18]
Mst K+KM = 0⇐⇒ M = −K−1 (M)st K (82)
st denotes the supertransposition defined in eq.(32) and K stands for the matrix
K =
(
1N 0
0 J4
)
(83)
with J4
J4 =
(
0 12
−12 0
)
(84)
One easily gets:
A = −At B = −CtJ4 C = −J4Bt D = J4DtJ4 (85)
from which an explicit basis for Osp(N/4,R) can be derived with the A part - or SO(N) algebra -
generated by
Aij = Eij − Eji == −Aji (i, j = 1, 2, . . . , N) (86)
the D part - or Sp(4,R) ∼= SO(3,2) algebra - generated by
EN+1,N+1 − EN+3,N+3 EN+2,N+2 −EN+4,N+4
EN+1,N+2 − EN+4,N+3 EN+2,N+1 −EN+3,N+4
EN+1,N+3, EN+2,N+4, EN+3,N+1, EN+4,N+2
EN+3,N+2 + EN+4,N+1 EN+1,N+4 + EN+2,N+3 (87)
and finally the B and C or fermionic part spanned by (i = 1, 2, . . . , N) :
Ei,N+1 + EN+3,i Ei,N+2 + EN+4,i
Ei,N+3 − EN+1,i Ei,N+4 −EN+2,i (88)
Since the algebraic results which follow are similar whatever the value of the positive integer N , in
the following we will choose N = 8, which is the relevant value in the present AdS × S7 M-theory.
First focusing our attention to the Sp(4,R) ∼= SO(3,2) algebra, we can recognize the subalgebras
SO(2 , 2 ) ∼= SO(2 , 1 )⊕ SO(2 , 1 ) (89)
with basis
{E9,11, E11,9, E9,9 −E11,11} ⊕ {E10,12, E12,10, E10,10 −E12,12} (90)
We shall take the first three generators to generate the H,C,D elements and the other three to get
the M,M∗ and Λ elements. Then the two d = 1 Heisenberg algebras show up with H(1) generated
by:
P = E9,12 + E10,11 K = E10,9 − E11,12 M = 2E10,12 (91)
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and H ∗(1 ) generated by:
P ∗ = E9,10 − E12,11 K∗ = E12,9 + E11,10 M∗ = 2E12,10 (92)
Considering the fermionic part, one can check that each of the 16 generators (i = 1, 2, . . . , 8)
Qi = Ei,9 + E11,i Si = Ei,11 − E9,i (93)
commutes both with M and M∗. Moreover, the 8 generators
Ξi = Ei,12 − E10,i (94)
commute with M , but not with M∗, while the 8 generators
Ξ∗i = Ei,10 + E12,i (95)
commute with M∗, but not with M .
It is a simple exercise to verify some more commutation relations and to deduce that the Heisen-
berg algebra H(1) can be extended to SH(1/8) by adding to it the elements Ξi. In the same way
H ∗(1 ) can be extended to SH ∗(1/8 ) by adding the Ξ∗i elements.
As it could be expected, the anti-commutation relations between the Qi and Sj (i, j = 1, 2, . . . , 8)
provide the generators of the SO(8) as well as of Sp(2,R) algebras generated by H,C,D:
{Qi, Sj} = δij (E11,11 − E9,9)−Aij
{Qi, Qj} = 2 δij E11,9
{Si, Sj} = −2 δij E9,11 (96)
Moreover, one can prove that theQ′is and S
′
is form the fermionic part of the Osp(8/2,R) superalgebra,
the bosonic part being SO(8) ⊕ Sp(2,R). The super Schro¨dinger algebra in Osp(8/4,R) can finally
be seen as the semi-direct sum of Osp(8/2,R) acting on SH(1/8)
Osp(8/2 ,R)⊲ SH (1/8 ) (97)
or on SH ∗(1/8 )
Osp(8/2 ,R)⊲ SH ∗(1/8 ) (98)
leading to the “schematic decomposition” of Osp(8/4,R)
Osp(8/4 ,R) =v.s. SH (1/8 )⊳ [Osp(8/2 ,R)⊕ SO(1 , 1 )]⊲ SH ∗(1/8 ) (99)
with SO(1,1) generated by
Λ = E10,10 − E12,12 (100)
This decomposition holds for any non negative value of the integer N
Osp(N /4 ,R) =v.s. SH (1/N )⊳ [Osp(N /2 ,R)⊕ SO(1 , 1 )]⊲ SH ∗(1/N ) (101)
in which the super Schro¨dinger algebra reads:
Osp(N /2 ,R)⊲ SH (2/N ) (102)
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6 The case of Osp(6,2/2N)
This case presents the peculiarity that the R-symmetry is described by a (compact form of) symplectic
algebra. As we will see, this leads to results slightly different from the ones obtained when the R-
symmetry is a unitary or orthogonal algebra. Now, using again the definition of [18], any element of
Osp(6,2/2N) can be written as a (8 + 2N) × (8 + 2N) matrix of Osp(8/2N), see eq.(82), with the
extra condition:
M = −K˜−1 (M∗)st K˜ (103)
where K˜ is the matrix
K˜ =
(
J8 0
0 12N
)
(104)
the other symbols in eq.(103) being already defined in Section 4 and 5.
Let us, for the time being, develop our computation for the case Osp(6,2/4). We will come back
to the general case Osp(6,2/2N) at the end of this Section. Then, any element M of the considered
superalgebra can be represented by the 12× 12 matrix:
M =
(
Aˆ B
C D
)
(105)
Eq.(103) implies for the 8 × 8 matrix Aˆ and for the 4 × 4 matrix D and for the matrices B and C
the relations
Aˆ = J8Aˆ
∗tJ8 = −Aˆt, D = J8DtJ4 = −D∗t, B = J8B∗J4, C = −J4Bt (106)
In this framework, the SO(6,2) algebra, corresponding to the matrices Aˆ in eq.(105), can be con-
vemiently described in the following basis (j = 1, 2, . . . , 6; k = 1, 2, . . . , 10)
Aˆj =
(
Aj 0
0 Aj
)
Sˆk =
(
0 Sk
−Sk 0
)
(107)
for the compact part and
Bˆj =
(
iAj 0
0 −iAj
)
Cˆj =
(
0 iAj
iAj 0
)
(108)
for the non compact part, A being 4× 4 real antisymmetric matrices, defined as follows:
A1 = (E12 − E21) + (E34 −E43)
A2 = −(E23 − E32)− (E14 −E41)
A3 = −(E13 − E31) + (E24 − E42)
A4 = (E12 − E21)− (E34 − E43)
A5 = (E23 − E32)− (E14 − E41)
A6 = −(E13 − E31)− (E24 −E42) (109)
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with {A1, A2, A3} and {A4, A5, A6} generating two commuting SO(3). S are 4× 4 real a symmetric
matrices, defined as follows
S1 = (E23 + E32)− (E14 + E41)
S2 = (E12 + E21) + (E34 + E43)
S3 = (E11 − E22 + E33 − E44)
S4 = (E11 − E33 + E22 − E44)
S5 = (E23 + E32) + (E14 + E41)
S6 = (E13 + E31)− (E24 + E42)
S7 = (E13 + E31 + E24 + E42)
S8 = (E11 − E22 − E33 + E44)
S9 = (E12 + E21)− (E34 + E43)
S10 = (E11 + E22 + E33 + E44) (110)
Since SO(6,2) stands fo the conformal algebra in 5+1 dimensions, i.e. 5 space and 1 time dimensions,
the Schro¨dinger counterpart we are looking for will act on a (4 + 1)-dimensional space. Considering
the embedding:
SO(6 , 2 ) ⊃ SO(4 )⊕ SO(2 , 2 ) ∼= SO(4 )⊕ SO(2 , 1 )⊕ SO(2 , 1 ) (111)
the “rotation” algebra SO(4), acting on the translation Pa and momenta Ka (a = 1, 2, 3, 4), can be
chosen as
SO(4 ) ≡ {Aˆ1, Aˆ2, Aˆ3, Sˆ1, Sˆ2, Sˆ3} (112)
The two commuting SO(2,1) algebras can be chosen as
{Aˆ6 − Sˆ10, Bˆ4 + Cˆ5, Bˆ5 − Cˆ4} ⊕ {Aˆ6 + Sˆ10, Bˆ4 − Cˆ5, Bˆ5 + Cˆ4} (113)
The first SO(2,1), which we will denote SO(2 , 1 )c, will be chosen to contain the H,C,D generators.
Due to the commuting relations
[Aˆ6 − Sˆ10, Bˆ4 + Cˆ5] = −4(Bˆ5 − Cˆ4) [Aˆ6 − Sˆ10, Bˆ5 − Cˆ4] = 4(Bˆ4 + Cˆ5)
[Bˆ4 + Cˆ5, Bˆ5 − Cˆ4] = −4(Aˆ6 − Sˆ10) (114)
one can make the identification
D =
1
2
(Aˆ6 − Sˆ10) H = 1
2
√
2
(Bˆ4 + Cˆ5) C =
1
2
√
2
(Bˆ5 − Cˆ4) (115)
Then, the second SO(2,1) will contain the generators M,M∗,Λ and we will choose
M = (Aˆ6 + Sˆ10) + (Bˆ5 + Cˆ4) (116)
M∗ = (Aˆ6 + Sˆ10)− (Bˆ5 + Cˆ4) (117)
Λ = −4(Bˆ4 − Cˆ5) (118)
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As a final step we have to determine the 4 translations Pa and the 4 momenta Ka (a = 1, 2, 3, 4).
From what we already know, the space translation p5 and time translation p0 now appear, in the
conformal algebra, as
p5 = Aˆ6 + Cˆ4 p0 = Sˆ10 + Bˆ5 (119)
By action on p5 of the SO(5) rotation algebra, constructed from the above defined SO(4), eq.(112),
by addition the 4 generators {Aˆ6, Sˆ4, Sˆ5, Sˆ6}, one can generate the pa ≡ Pa translations and, finally,
the momenta Ka, which have to satisfy the condition
[Ka, Pb] = δabM (a, b = 1, 2, 3, 4) (120)
We obtain
P1 = − 1√
2
(Sˆ7 − Bˆ1) K1 = − 1√
2
(Sˆ4 + Cˆ1)
P2 =
1√
2
(Sˆ8 + Bˆ2) K2 = − 1√
2
(Sˆ6 + Cˆ2)
P3 = − 1√
2
(Sˆ9 − Bˆ3) K3 = 1√
2
(Sˆ5 − Cˆ3)
P4 =
1√
2
(Aˆ4 − Cˆ6) K4 = 1√
2
(Aˆ5 − Bˆ6) (121)
The second Heisenberg algebra H ∗(4 ) is easily obtained by first operating a change of sign in front
of the Bˆ and Cˆ (that is replacing i by −i in the non compact generators), appearing in the above
combination eq.(121) and then denoting K∗a the so transformed Pa and P
∗
a the so transformed −Ka.
More precisely we have
P ∗1 =
1√
2
(Sˆ4 − Cˆ1) K∗1 = −
1√
2
(Sˆ7 + Bˆ1)
P ∗2 =
1√
2
(Sˆ6 − Cˆ2) K∗2 =
1√
2
(Sˆ8 − Bˆ2)
P ∗3 = −
1√
2
(Sˆ5 + Cˆ3) K
∗
3 = −
1√
2
(Sˆ9 + Bˆ3)
P ∗4 = −
1√
2
(Aˆ5 + Bˆ6) K
∗
4 =
1√
2
(Aˆ4 + Cˆ6) (122)
As expected, one gets
[K∗a , P
∗
b ] = δabM
∗ (123)
Let us close our study of the bosonic part by briefly studying the algebra Sp(4). A natural basis for
the 4× 4 matrix D, satisfying eq.(106), is provided by the 10 generators:
i(E11 − E33), i(E22 − E44), i(E13 + E31), i(E24 + E42)
i(E12 + E21 −E34 − E43), i(E14 + E41 + E23 + E32)
(E13 − E31), (E12 − E21 + E34 −E43)
(E24 − E42), (E14 + E23 − E32 −E41) (124)
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Now, we turn our attention to the fermionic part. A basis for the 32 fermionic generators, satisfying
eq.(106), can be choosen as: (i, j = 1, 2, 3, 4)
Fi,9 = Ei,9 + E9,4+i −E4+i,11 + E11,i Fi,10 = Ei,10 + E10,4+i − E4+i,12 + E12,i
Fi,11 = Ei,11 + E11,4+i + E4+i,9 −E9,i Fi,12 = Ei,12 + E12,4+i + E4+i,10 − E110,i (125)
and
Gj,9 = i(Ej,9 − E9,4+j + E4+j,11 + E11,j) Gj,10 = i(Ej,10 − E10,4+j + E4+j,12 + E12,j)
Gj,11 = i(Ej,11 − E11,4+j − E4+j,9 −E9,j) Gj,12 = i(Ej,12 −E12,4+j − E4+j,10 − E110,j) (126)
The anti-commutation relations of the above defined fermionic generators are reported in Appendix.
It is straightforward, but a tedious exercise, to determine the fermionic combinations which commute
with M and those which commute M∗. It appears that 16 fermions commute with M and M∗
simultaneously; they can be choosen as:
Q1 = F1,9 − F3,11, Q2 = F2,9 − F4,11
Q3 = F3,9 + F1,11, Q4 = F4,9 + F2,11
Q5 = F1,10 − F3,12, Q6 = F2,10 − F4,12
Q7 = F3,10 + F1,12, Q8 = F4,10 + F2,12 (127)
S1 = G1,9 +G3,11, S2 = G2,9 +G4,11
S3 = G3,9 −G1,11, S4 = G4,9 −G2,11
S5 = G1,10 +G3,12, S6 = G2,10 +G4,12
S7 = G3,10 −G1,12, S8 = G4,10 −G2,12 (128)
One can recognize the representations (1/2, 1/2, 4) of the algebra SO(2 , 1 )c⊕SO(3 )⊕Sp(4 ) algebra,
SO(2 , 1 )c being the “conformal” one given by eq.(115), the SO(3) is generated by {Aˆ1 + Sˆ1, Aˆ2 −
Sˆ2, Aˆ3 − Sˆ3} and we denote it as SO(3 )+, and Sp(4) is the R-symmetry of our problem given by
eq.(124). Performing all the anti-commutation relations among the Qµ and the Sµ (µ = 1, 2, . . . , 8)
one gets back the whole above defined semi-simple algebra, so proving that we have a realization of
the Osp(4 ∗/4 ) superalgebra. It is important to remark that the “rotation” SO(4) algebra defined
by eq.(112) is the semi-direct sum of the above defined SO(3 )+ and of a second SO(3), denoted
SO(3 )−, generated by {Aˆ1 − Sˆ1, Aˆ2 + Sˆ2, Aˆ3 + Sˆ3}. One can check that SO(3 )−, does not act on
the Qµ and the Sµ, but effectively acts on the Ξµ and the Ξ
∗
µ which will respectively be added to the
H(4) and H ∗(4 ) Heisenberg algebra to constitute the SH(4) and SH ∗(4 ) super-Heisenberg ones, and
which can be defined as follows:
Ξ1 = (F1,9 + F3,11)− (G2,9 −G4,11) Ξ2 = (F2,9 + F4,11) + (G1,9 −G3,11)
Ξ3 = (F3,9 − F1,11) + (G4,9 +G2,11) Ξ4 = (F4,9 − F2,11)− (G3,9 +G1,11)
Ξ5 = (F1,10 + F3,12)− (G2,10 −G4,12) Ξ6 = (F2,10 + F4,12) + (G1,10 −G3,12)
Ξ7 = (F3,10 − F1,12) + (G4,10 +G2,12) Ξ8 = (F4,10 − F2,12)− (G3,10 +G1,12) (129)
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and
Ξ∗1 = (F1,9 + F3,11) + (G2,9 −G4,11) Ξ∗2 = (F2,9 + F4,11)− (G1,9 −G3,11)
Ξ∗3 = (F3,9 − F1,11)− (G4,9 +G2,11) Ξ∗4 = (F4,9 − F2,11) + (G3,9 +G1,11)
Ξ∗5 = (F1,10 + F3,12) + (G2,10 −G4,12) Ξ∗6 = (F2,10 + F4,12)− (G1,10 −G3,12)
Ξ∗7 = (F3,10 − F1,12)− (G4,10 +G2,12) Ξ∗8 = (F4,10 − F2,12)− (G3,10 +G1,12) (130)
Note that fermions Ξ∗’s are obtained from the Ξ’s givem by eq.(129) by complex conjugation, i.e.
replacing Gj,8+k by −Gj,8+k. The Ξ’s, as well as the Ξ∗’s, stand in the representation (1/2, 4) of the
algebra SO(3 )− ⊕ Sp(4 ). It can also be noted that SO(3 )+ acts trivially on the Ξ’s and Ξ∗’s.
As a conclusion, we have determined two (conjugate) super Schro¨dinger algebras in the Lie super-
algebra Osp(6,2/4), the first one being
S˜ch(4/4 )symp = [SO(3 )− ⊕ Osp(4 ∗/4 )] ⊲ SH (4/4 ) (131)
and the second one differing from the first simply by the super-Heisenberg part, SH ∗(4/4 ) replacing
SH(4/4). As in the previous section, we formally represent the Osp(6,2/4) superalgebra as:
Osp(6 , 2/4 ) =v.s. SH (4/4 ) ⊳ [Osp(4
∗/4 )⊕ SO(3 )− ⊕ SO(1 , 1 )] ⊲ SH ∗(4/4 ) (132)
keeping in mind that the generator M in SH(4/4) and M∗ in SH ∗(4/4 ) close under commutation
relations into the dilatation generator Λ, represented in O(1,1) part of the decomposition eq.(132).
We also remind that the bosonic part of Osp(4 ∗/4 ) is SO(2 , 1 )c ⊕ SO(3 )+ ⊕ Sp(4 ) where Sp(4) is
compact, SO(2 , 1 )c is generated by H,C,D and SO(3 )+ together with SO(3 )− form the ‘rotation”
algebra acting on the Pa’s and Ka’s (respectively P
∗
a ’s and K
∗
a ’s) that is
SO(4 ) = SO(3 )+ ⊕ SO(3 )− (133)
The generalisation to Osp(6,2/2N) is straightforward, the compact Sp(4) algebra being replaced by
Sp(2N), N positive integer, and one gets
S˜ch(2N /4 )symp = [SO(3 )− ⊕ Osp(4 ∗/2N )] ⊲ SH (4/2N ) (134)
and
Osp(6 , 2/N ) =v.s. SH (4/2N ) ⊳ [Osp(4
∗/2N )⊕ SO(3 )− ⊕ SO(1 , 1 )] ⊲ SH ∗(4/2N ) (135)
7 The case of F(4;2)
As it could be expected, the super Schro¨dinger algebra which can be extracted from F(4;2) exhibits
some exceptional features. In particular the supersymmetric extension of the Heisenberg part H(3),
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arising from SO(5,2), will not be obtained by adding a triplet but a quadruplet of fermions, in other
words a spinorial representation, namely labelled by j = 3/2, of the associated rotation group SO(3).
In order to determine the real form of the F(4) superalgebra we are interested in, that is the one
with SO(5,2) ⊕ SU(2) as bosonic part, let us first start by considering the F(4) superalgebra defined
on the complex field C [13]. Then, its bosonic part Sl(2) ⊕ SO(7) can be generated by the elements
Ti (i = 1, 2, 3) and Mpq = −Mqp (p, q = 1, . . . , 7) respectively satisfying
[Ti, Tj] = iεijk Tk [Ti, Mpq] = 0 (136)
[Mpq, Mrs] = δqrMps + δpsMqr − δprMqs − δqsMpr (137)
while the 16 generators of its fermionic part stand in the representation (2, 8) ≡ (1/2; 1/2, 1/2, 1/2)
of Sl(2) ⊕ SO(7). We denote by Fαµ, α = ±; and µ = (±,±.±) a basis of generators satisfying the
relations
[Ti, Fα,µ] =
1
2
σiβα Fβ,µ [Mpq, Fα,µ] =
1
2
(ΓpΓq)νµ Fα,ν (138)
{Fα,µ, Fβ,ν} = 2C(8)µν (C(2)σi)αβ Ti +
1
3
C
(2)
αβ (C
(8)ΓpΓq)µν Mpq (139)
The σi are the usual Pauli matrices. The 8-dim. matrices Γp form a Clifford algebra
{Γp, Γq} = 2 δpq (140)
and are chosen as
Γ1 = σ1 ⊗ σ1 ⊗ σ1 Γ2 = σ1 ⊗ σ1 ⊗ σ2 Γ3 = σ1 ⊗ σ1 ⊗ σ3 Γ4 = σ1 ⊗ σ2 ⊗ 1
Γ5 = σ1 ⊗ σ3 ⊗ 1 Γ6 = σ2 ⊗ 1⊗ 1 Γ7 = σ3 ⊗ 1⊗ 1 (141)
We note that Γp = (−1)p+1Γp and that ΓpΓq generate the Lie algebra SO(7). Finally C(2) and C(8)
are, respectively, the 2× 2 and 8× 8 real charge conjugation matrices given by
C(2) = iσ2 C
(8) = Γ1Γ3Γ5Γ7 = (iσ2)⊗ σ3 ⊗ (iσ2) (142)
Following [19] the F(4) real form with SO(5,2) ⊕ SU(2) as bosonic part is made from the elements
X +C0(X), X belonging to the (complex) F(4) superalgebra and C0 being the semi-involutive semi-
morphism of F(4) acting on the bosonic part as follows (X† = X
t
)
C0(X) = −X† X ∈ Sl(2 )
C0(X) = τ(X) X ∈ SO(7 ) (143)
with τ acting on the orthogonal algebra generated by ΓpΓq (1 ≤ p ≤ q ≤ 7) as
τ(ΓpΓq) = Γ4 ΓpΓq Γ
−1
4 (144)
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and acting on the fermionic part as follows
C0(v ⊗ x) = iJv ⊗ Γ4 x¯ (145)
where v ⊗ x is the most general element of the representation (1/2)⊗ (1/2, 1/2, 1/2) and J acts on
the states F (±) of the Sl(2) 2-dim. representation as
J F (±) = ±F (±) (146)
In this framework a basis of the SO(5,2) algebra shows up made by the 11 elements of the maximal
compact subalgebra SO(5) ⊕ SO(2)
{M13,M14,M15,M17,M34,M35,M37,M45,M47,M57} ⊗ {M26} ≡ SO(5 )⊗ SO(2 ) (147)
and by the 10 non-compact generators
i{M12,M16,M23,M24,M25,M27,M36,M46,M56,M67} (148)
while for the SU(2) remaining algebra - the R-symmetry of our problem - one gets the generators
iTj (i = 1, 2, 3).
As for the fermionic part of F(4;2), it can be seen as the direct sum of two (1/2, 1/2) represen-
tations of the SO(3) ⊕ SU(2) algebra, where the considered SO(3) algebra is generated by
SO(3 ) ≡ {M13,M14,M34} (149)
and the SU(2) part by the iTj generators. This SO(3) algebra will be chosen (see below) as the
rotation algebra acting on Pj and Kj (j = 1, 2, 3) elements of our Heisenberg algebra: that is why we
prefer to keep the notations SO(3), instead of SU(2), for this algebra, although it acts on spinorial
representations. A basis for these two representation reads:
F (+;+,+,+)− F (−;−,−,+) i(F (+;+,+,+) + F (−;−,−,+))
F (+;+,+,−)− F (−;−,−,−) i(F (+;+,+,−) + F (−;−,−,−))
F (−; +,+,+) + F (+;−,−,+) i(F (−; +,+,+)− F (+;−,−,+))
F (−; +,+,−) + F (+;−,−,−) i(F (−; +,+,−)− F (+;−,−,−)) (150)
for the first one and
F (+;+,−,+) + F (−;−,+.+) i(F (+;+,−,+)− F (−;−,+,+))
F (+;+,−,−) + F (−;−,+,−) i(F (+;+,−,−)− F (−;−,+,−))
F (−; +,−,+)− F (+;−,+,+) i(F (−; +,−,+) + F (+;−,+,+))
F (−; +,−,−)− F (+;−,+,−) i(F (−; +,−,−) + F (+;−,+,−)) (151)
for the second one.
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Coming back to the bosonic part, it is convenient to take as Lorentz algebra in the conformal
SO(5,2) one the SO(4,1) algebra generated by the elements Mµν and Mµ6, with µ, ν = 1, 3, 4, 5, and
to consider the embedding
SO(5 , 2 ) ⊃ SO(3 )⊕ SO(2 , 2 ) ∼= SO(3 )⊕ SO(2 , 1 )⊕ SO(2 , 1 )′ (152)
the “rotation” SO(3) algebra being given by eq.(149) and the two SO(2,1) by
SO(2 , 1 ) ≡ {i(M25 +M76), i(M56 +M72),M57 +M26} (153)
SO(2 , 1 )′ ≡ {i(M25 −M76), i(M65 +M72),M57 −M26} (154)
Taking SO(2,1)’ as the “non relativistic conformal algebra”, we define
H = (M57 −M26)− i(M25 −M76) (155)
C = −(M57 −M26)− i(M25 −M76) (156)
D = i(M72 −M56) (157)
which satisfy the commutation relations
[D, C] = 2C [D, H ] = −2H [H, C] = −4D (158)
while the SO(2,1) will contain the elements
M = (M57 +M26)− i(M25 +M76) (159)
M∗ = (M57 +M26) + i(M25 +M76) (160)
Λ = i(M27 +M65) (161)
satisfying
[Λ, M ] = 2M [Λ, M∗] = −2M∗ [M, M∗] = 4Λ (162)
Then the 3-dim Heisenberg algebra H(3) contains, in addition to M , the elements
P1 = iM21 +M71 P2 = iM23 +M73 P3 = iM24 +M74 (163)
K1 = iM61 +M51 K2 = iM63 +M53 K3 = iM64 +M54 (164)
and the 3-dim Heisenberg algebra H ∗(3 ) will be constituted by M∗ and
P ∗1 = iM61 −M51 P ∗2 = iM63 −M53 P ∗3 = iM64 −M54 (165)
K∗1 =M71 − iM21 K∗2 = M73 − iM23 K∗3 = M74 − iM24 (166)
such that
[Pa, Kb] = −δabM [P ∗a , K∗b ] = −δabM∗ (a, b = 1, 2, 3) (167)
Now, from the expressions given by eq.(161) one can deduce which fermionic generators commute
with M or M∗ or both.
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• There are 8 fermions commuting with M and M∗:
Q1 ≡ (F (+;+,+,+)− F (−;−,−,+)) + (F (−; +,+,−) + F (+;−,−,−))
Q2 ≡ (F (+;+,+,−)− F (−;−,−,−))− (F (+;−,−,+) + F (−; +,+,+))
Q3 ≡ (F (−; +,−,+)− F (+;−,+,+))− (F (+;+,−,−) + F (−;−,+,−))
Q4 ≡ (F (+;+,−,+) + F (−;−,+,+)) + (F (−; +,−,−)− F (+;−,+,−))
S1 ≡ i[(F (+;+,+,+) + F (−;−,−,+))− (F (−; +,+,−)− F (+;−,−,−))]
S2 ≡ i[(F (+;+,+,−) + F (−;−,−,−))− (F (+;−,−,+)− F (−; +,+,+))]
S3 ≡ i[(F (−; +,−,+) + F (+;−,+,+)) + (F (+;+,−,−)− F (−;−,+,−))]
S4 ≡ i[(F (+;+,−,+)− F (−;−,+,+))− (F (−; +,−,−) + F (+;−,+,−))] (168)
• there are 4 fermions commuting with M but not with M∗:
Ξ1 = (F (+;+,+,+)− F (−;−,−,+))− (F (−; +,+,−) + F (+;−,−,−))
Ξ2 = (F (+;+,+,−)− F (−;−,−,−)) + (F (+;−,−,+) + F (−; +,+,+))
Ξ3 = i[(F (+;+,+,−) + F (−;−,−,−)) + (F (+;−,−,+)− F (−; +,+,+))]
Ξ4 = i[(F (+;+,+,+) + F (−;−,−,+)) + (F (−; +,+,−)− F (+;−,−,−))] (169)
• and finally 4 fermions commuting with M∗ but not with M :
Ξ∗1 = (F (−; +,−,+)− F (+;−,+,+)) + (F (+;+,−,−) + F (−;−,+,−))
Ξ∗2 = (F (+;+,−,+) + F (−;−,+,+))− (F (−; +,−,−)− F (+;−,+,−))
Ξ∗3 = i[(F (−; +,−,+) + F (+;−,+,+))− (F (+;+,−,−)− F (−;−,+,−))]
Ξ∗4 = i[(F (+;+,−,+)− F (−;−,+,+)) + (F (−; +,−,−) + F (+;−,+,−))] (170)
We note that the Ξµ’s as well as Ξ
∗
µ’s (µ = 1, 2, 3, 4) transform as the representation (3/2) under the
rotation algebra SO(3) given by eq.(149), as the transformation (1/2) ⊕ (1/2) of the R-symmetry
algebra SU(2), while the “conformal algebra” SO(2 , 1 )′, generated by the elements given by eqs
(156)-(157)-(157), acts trivially on each of these elements. The commutation and anti-commutation
relations
[Pa, Ξµ] = [Ka, Ξµ] = 0 {Ξµ, Ξν} = 4 δµν M ; a = 1, 2, 3; µ = 1, 2, 3, 4 (171)
and
[P ∗a , Ξ
∗
µ] = [K
∗
a , Ξ
∗
µ] = 0 {Ξ∗µ, Ξ∗ν} = 4 δµν M∗ a = 1, 2, 3; µ = 1, 2, 3, 4 (172)
allow to consider the super-algebra generated by {Pa, Ka,Ξµ} and by {P ∗a , K∗a ,Ξ∗µ}, respectively, as
the supersymmetric extensions of the H (3 ) and H ∗(3 ) Heisenberg algebras. Due to the presence
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of the spinorial representation (3/2) in the fermionic sector we will denote them, respectively, as
“spinorial super-Heisenberg algebra SH (3/2 )spin and SH
∗(3/2 )spin”.
Finally, considering the anti-commutation relations of the 8 fermions Qµ and Sµ, which commute
with M and M∗, we can reconstruct the SO(3 )⊕ SU (2 ) ⊕ SO(2 , 1 )′ direct sum. Moreover, while
the rotation SO(3) as well as the R-symmetry SU(2) algebras split the fermionic sector into two
4-dim. representations, namely {Q1, Q2, S1, S2} and {Q3, Q4, S3, S4}, the conformal algebra SO(2,1)’
decomposes it into 4 2-dim. representations, generated by {Q1, Q3}, {Q2, Q4}, {S1, S3} and {S2, S4}.
Therefore we recognize the Osp(4/2,R) algebra built from this set of seventeen elements. One can
directly check that this Osp(4/2,R) transforms the SH (3/2 )spin and SH
∗(3/2 )spin super-Heisenberg
into themselves leading to the conclusion that the super Schro¨dinger algebra in F(4;2) is the semi-
direct sum
S˜ch(3/2 )F4 ≡ Osp(4/2 ,R) ⊲ SH (3/2 )spin (173)
and that F(4;2) can be formally decomposed as:
F (4 ; 2 ) =v.s. SH (3/2 )spin ⊳ [Osp(4/2 ,R) ⊕ O(1 , 1 )] ⊲ SH ∗(3/2 )spin (174)
the SO(1,1) algebra commuting with Osp(4/2,R) being generated by the generator Λ, see eq.(161).
8 Conclusion
The super-symmetric extension of the Schro¨dinger algebra has been constructed in each admissible
super-conformal algebra. Although the obtained symmetries present some differences according to
the type of considered superconformal algebra, they always show up as the semi-direct sum of a
unitary or orthosymplectic superalgebra (to which is sometimes added a SO(2) or SO(3) factor)
acting on a super-Heisenberg part, see Table 1:
Admissible superconformal algebras super Schro¨dinger algebras
SU(2,2/N) N 6= 4 [SO(2) ⊕ SU(1,1/N)] ⊲ SH(2/N)
pSU(2,2/4) SU(1,1/N) ⊲ SH(2/N)
Osp(N/4,R) Osp(N/2,R) ⊲ SH(1/N)
Osp(6,2/2N) [SO(3 )⊕Osp(4 ∗/2n)]⊲ SH (4/2n)
F(4;2) Osp(4/2 ,R)⊲ SH (3/2 )spin
Table 1: super Schro¨dinger symmetries in superconformal algebras.
One may note that the super-Heisenberg part constructed from the exceptional F(4;2) presents
a difference with respect to the other cases, its fermionic sector transforming as a spinorial rep-
resentation of the corresponding SO(3) rotation algebra. This is, of course, a consequence of the
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spinorial character of the fermionic F(4;2) sector and it is already known that this exceptional super-
algebra gives peculiar results [14]. We also remark that the super Schro¨dinger algebras arising from
Osp(6,2/2N) differ from those extracted in the other unitary and orthosymplectic ones for an extra
SO(3), part of SO(4) rotation symmetry of the problem, and added to the Osp(4 ∗/2N ) factor. Let
us at this point mention that this case is the only one with a R-symmetry of the symplectic type.
Finally, let us emphasize the property of any super Schro¨dinger algebra to occupy a particular po-
sition in its corresponding superconformal algebra, where an adequate basis decomposition provides
two copies of the super Schro¨dinger symmetry, differing by their super-Heisenberg parts.
We hope that this study and the characterization of the super Schro¨dinger algebras that we have
obtained will help to develop properties of such symmetries, for ex. the theory of their representations
6, and mainly to better understand the physics behind their structures.
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6Representations of the Schro¨dinger group have been constructed in [20].
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Appendix: Anti-commutation relations of the fermionic gen-
erators of Osp(6 , 2/4 ).
The anti-commutation relations of the fermionic generators {F ;G} defined by eqs.(125)-(126) are:
{Fi,9, Fj,9} = {Fi,11, Fj,11} = (Ei,4+j − E4+j,i) + (Ej,4+i − E4+i,j)
+2 δij(E11,9 −E9,11) (175)
{Fi,9, Fj,10} = {Fi,11, Fj,12} = δij(E11,10 − E10,11 − E9,12 + E12,9) (176)
{Fi,9, Fj,11} = {Fi,10, Fj,12} = −(Ei,j − Ej,i) + (E4+j,4+i − E4+i,j4+j) (177)
{Fi,9, Fj,12} = −{Fi,10, Fj,11} = δij(E9,10 −E10,9 + E11,12 − E12,11) (178)
{Fi,10, Fj,10} = {Fi,12, Fj,12} = (Ei,4+j − E4+j,i) + (Ej,4+i − E4+i,j)
+2 δij(E12,10 − E10,12) (179)
{Gi,9, Gj,9} = {Gi,11, Gj,11} = Ei,4+j + E4+j,i − E4+i,j −Ej,4+i
+2 δij(E9,11 −E11,9) (180)
{Gi,9, Gj,10} = {Gi,11, Gj,12} = δij(E10,11 − E11,10 + E9,12 −E12,9) (181)
{Gi,9, Gj,11} = {Gi,10, Gj,12} = (Ei,j − Ej,i) + (E4+j,4+i − E4+i,j4+j) (182)
{Gi,9, Gj,12} = −{Gi,10, Gj,11} = δij(−E9,10 + E10,9 −E11,12 + E12,11) (183)
{Gi,10, Gj,10} = {Gi,12, Gj,12} = Ei,4+j + E4+j,i)− Ej,4+i −E4+i,j
+2 δij(E10,12 − E12,10) (184)
{Fi,9, Gj,9} = i [(Ej,4+i − E4+i,j)− (Ei,4+j − E4+j,i)
+2 δij(E9,11 + E11,9)] (185)
{Fi,9, Gj,10} = {Fi,10, Gj,9} = −{Fi,11, Gj,12} = i δij(E9,12 + E12,9 + E10,11 + E11,10) (186)
{Fi,9, Gj,11} = i [−(Ei,j −Ej,i) + (E4+i,4+j −E4+j,4+i)− 2 δij(E9,9 −E11,11) (187)
{Fi,9, Gj,12} = {Fi,10, Gj,11} = {Fi,11, Gj,10} = {Fi,10, Gj,11} = {Fi,12, Gj,9} =
i δij(−E9,10 −E10,9 + E11,12 + E12,11) (188)
{Fi,10, Gj,10} = i [(Ej,4+i − E4+i,j)− (Ei,4+j − E4+j,i) + 2 δij(E10,12 + E12,10)] (189)
{Fi,10, Gj,12} = i [−(Ei,j −Ej,i) + (E4+i,4+j −E4+j,4+i) + 2 δij(E12,12 − E10,10)] (190)
{Fi,11, Gj,9} = i [(Ei,j − Ej,i)− (E4+i,4+j −E4+j,4+i)− 2 δij(E9,9 −E11,11)] (191)
{Fi,11, Gj,11} = i [−(Ei,4+j − E4+j,i)− (E4+i,j − Ej,4+i)− 2 δij(E9,11 + E11,9)] (192)
{Fi,11, Gj,10} = = {Fi,12, Gj,9} = i (−E9,10 −E10,9 + E11,12 + E12,11) (193)
{Fi,12, Gj,10} = i [(Ei,j − Ej,i)− (E4+i,4+j −E4+j,4+i)− 2 δij(E10,10 − E12,12)] (194)
{Fi,12, Gj,12} = i [−(Ei,4+j − E4+j,i)− (E4+i,j − Ej,4+i)− 2 δij(E10,12 + E12,10)] (195)
26
References
[1] U.Niederer, The maximal kinematical invariance group of the free Schrdinger equation,
Helv.Phys.Acta 45, 802 (1972).
[2] C.R.Hagen, Scale and conformal transformations in Galilean-covariant field theory, Phys.Rev.D,
5, 377 (1972).
[3] G. Burdet, M. Perrin and P. Sorba, About the Non-relativistic Structure of the Conformal
Algebra, Commun.Math.Phys. 38, 45 (1973). .
[4] J.Maldacena, D.Martelli and Y.Tachikawa, Comments on string theory backgrounds with on-
relativistic conformal symmetry, [arXiv: 0807.1100 [hep-th]] and references in it.
[5] D.T.Son, Toward an AdS/cold atoms correspondence: a geometric realization of the Schro¨dinger
symmetry, Phys.Rev.D 78, 046003 (2008) [arXiv:0804.3972 [hep-th]].
[6] Y. and D.T.Son, Non relativistic conformal field theories, Phys.Rev.D 76, 086004 (2007) [arXiv:
0706.3746[hep-th]].
[7] S.A.Hartnoll, Lectures on holographic methods for condensed matter physics, arXiv: 0903.3246,
and references in it.
[8] M.Henkel, Schro¨dinger invariance and strongly anisotropic critical systems, Statist.Phys. 75,
1023 (1994), [hep-th/9310081].
[9] J.P.Gaunlett, J.Gomis and P.K.Townsend, Supersymmetry and the physical-phase-space formu-
lation of spinning particles, Phys.Lett.B 248, 288 (1990).
[10] M.Leblanc, G.Lozano and H.Min, Extended superconformal Galilean symmetry in Chern-Simons
matter systems, Ann.Phys.(N.Y.) 219, 328 (1992).
[11] C. Duval and P.A. Horvathy, On Schro¨dinger superalgebras, Journ.Math.Phys. 35, 2516 (1994).
[12] W.Nahm, Supersymmetries and their representations, Nucl.Phys.B 135, 149 (1978).
[13] L.Frappat, A.Sciarrino and P.Sorba, Dictionary on Lie algebras and Superalgebras, Academic
Press, London (2000).
[14] R.D’Auria, S.Ferrara and S.Vauda, Matter coupled F(4) supergravity and the AdS(6)/CFT(5)
correspondence, JHEP 0010:013 (2000) [arXiv: hep-th/0006107135].
[15] M.Sakaguchi and K.Yoshida, Super Schro¨dinger algebra in AdS/CFT,Journ.Math.Phys. 49,
102302 (2008) [arXiv: 0805.2661 [hep-th]]; More super Schro¨dinger algebras from pSU(2,2/4),
JHEP 0808:049, (2008) [arXiv:0806.3612 [hep-th]].
27
[16] J. Beckers and V. Hussin, Dynamical supersymmetries of the harmonic oscillator, Phys.Lett.A
118, 319 (1986).
[17] R. Jackiw and S.Y. Pi, Classical and quantal non-relativistic Chern-Simons theory, Phys.Rev.D,
42, 3500 (1990);
G.V. Duma, R. Jackiw, S.Y. Pi and C.A. Trugenberger, Self-dual Chern-Simons solitons and
two-dimensional non-linear equations, Phys.Rev.D, 43, 1332 (1992).
[18] E. D’Hoker, J. Estes, M. Gutperle, D. Krim and P. Sorba, Half-BPS Supergravity Solutions and
Superalgebras, JHEP 0812:047 (2008) [arXiv: 0810.1484 [hep-th]].
[19] M. Parker, Classification of real simple Lie superalgebras of classical type, Journ.Math.Phys.
21, 689 (1980).
[20] M. Perroud, Projective representations of the Schro¨dinger group, Helv.Phys.Acta 50, 23 (1977).
28
